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1. Introduction 



Let be an n-dimensional manifold isometrically immersed into the 
space form A^"+'"(c) of constant sectional curvature c. Define the normalized 
scalar curvature p (resp. p^) for the tangent bundle (resp. the normal 
bundle) as follows: 



where {ei, • ■ ■ , e^} (resp. {.^i, • • • , S,m}) is an orthonormal basis of the tan- 
gent (resp. normal) bundle, and R (resp. R^) is the curvature tensor for 
the tangent (resp. normal) bundle. 

In the study of submanifold theory, De Smet, Dillen, Verstraelen, and 
Vrancken [5] made the following normal scalar curvature conjectur^. 

Conjecture 1. Let h he the second fundamental form, and let H = ^ trace /i 
be the mean curvature tensor. Then 



Let X € M be a fixed point and let (h^j) = 1, • • • ,n and r = 1, • • • , m) 
be the entries of (the traceless part of ) the second fundamental form under 
the orthonormal bases of both the tangent bundle and the normal bundle. 
Then by [TO], or [6], Conjecture [D can be formulated as an inequality with 
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^Also known as the DDVV conjecture. 
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p + p^ < \H\'^ + c. 
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respect to the coefficients as follows: 

m n m 



^3■ 

m n 

Hj 

r=l l=i<j r=l l=i<j 

(2) 



E E (T.(f'^kh%-K,h^^,) 

yi=r<s l=i<j \k=l 

Suppose that Ai,A2,--- , Am are n x n symmetric real matrices. Let 
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ii^iP=E 

where (aij) are the entries of A, and let 

B]=AB- BA 

be the commutator. Then the inequality ([2]), in terms of matrix notations, 
can be formulated as 

Conjecture 2. For n,m >2, we have 

m 

(3) (ElKllY>2(EllK,^]|P). 

r=l r<s 

Fixing n, m, we call the above inequality Conjecture P{n,m). Note that 
Conjectured] is equivalent to Conjecture [H which is purely linear algebraic. 

A weaker version of Conjecture [H p < \H\'^ + c, was proved in An 
alternate proof is in [9j . 

The following special cases of Conjecture [2] were known. P{2, m) and 
P(n, 2) were proved in [5j; P(3, m) was proved in [3]; and P{n, 3) was proved 
in [8], the previous version of this paper. In [6], a weaker version of P{n, m) 
was proved by using an algebraic inequality in [7] (see also [3]) . In the 
same paper, P(n, m) was proved under the addition assumption that the 
submanifold is either Lagrangian H -umbilical, or ultra-minimal in C^. 

In this paper, we prove the conjecture for any n,m > 1. 

2. Invariance 

Let Ai,--- ,Am he n X n symmetric matrices. Let G = 0{n) x 0{m). 
Then G acts on matrices (^i,-- - ,Am) in the following natural way: let 
(p, q) € G, where p, q are nxn and mxm orthogonal matrices, respectively. 
Let q = {qij}. Then 

(p,/) • (^i,-- - ,^^) = {pAip-\--- ,pAmP~^), 

and 

m m 

{I,q) ■ {Ai,--- ,Am) = C^qijAj,--- ,^qjnjAj). 

3=1 3=1 

It is easy to verify the following 
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Proposition 1. Conjecture P{n,m) is G invariant. That is, in order to 
prove inequality ([3]) for {Ai, ■ ■ ■ ,Am), we just need to prove the inequality 
for any 7 • {Ai, ■ ■ ■ ,Am) where 'j (z G. Moreover, the expressions of both 
sides of ([3]) are G invariant. 

□ 

Corollary 1. We can prove Conjecture [21 under the following additional 
assumptions on the matrices: 

(1) Ai is diagonal; 

(2) {Ao,,Af,) = Oifa^P; 

(3) pill > ••• > P„||. 

Note that under the above assumptions, Aj^ = if A; > ^n(n + 1). 

3. Proof of P{n,m). 

In this section, we prove Conjecture [5J We first establish some lemmas 
which are themselves interesting. 

Lemma 1 . Suppose ??i • • • ,r]n are real numbers and 

f?i H h ??n = 0, r/i H h = 1. 

Let rij >0 be nonnegative numbers for i < j. Then we have 

(4) ^(r/i - 7]j)\,j < nj + Max(r,j). 

i<j i<j 

Proof. We assume that rji > ■ ■ ■ > r]n. If r]i — r]n < 1 or n = 2, then ^ 
is trivial. So we assume n > 2, and 

r/i - r/„ > 1. 

We observe that r/j — r]j<l for 2<i<j<n — 1. Otherwise, we could have 

i>vl + vl + Vi + Vj > liivi - Tin? + - Vjf) > 1, 

which is a contradiction. 

Using the same reason, if rji — r?n-i > li then we have i]2 — r]n < 1; 
and if r]2 — rjn > 1, then we have r]i — ryn-i < 1- Replacing rji, - ■ ■ ,r]n by 
~??n ■ ■ ■ ,—111 if necessary, we can always assume that ri2 — rjn < 1. Thus 

— < 1 if 2 < i < j, and ([!]) is implied by the following inequality 

(5) V (r/i - rjjfrij < V + Max (r^ ) . 

Let Sj = rij for j = 2, • • • , n. The the above inequality becomes 

(6) J^(r/i - rjjfsj <Y.Sj + Max (s,). 
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In order to prove the above inequality, we define the matrix P as follows 

/^Sj -S2 ■■■ -Sn\ 

-S2 S2 

We claim that the maximum eigenvalue of A is no more than r = Sj + 
Max(sj). To see this, we compute the determinant of the matrix 



i<i 

S2 



J 



S2 



y- S2 



Using the Cramer's rule, the answer is 



Sn \ 



y - Sn) 



(y - S2) ■ ■ ■ (y - s„) y - ^ - ^ 



Kj 



Kj 



y-sj 



For any y > r, we have y — Sj > Yl^=2^j- Thus the above expression is 
greater than 

{y-s2)---{y- sn){y -^sj- (J] s,)-' J] s^j) > 0. 

Kj Kj Kj 

Let r] = (r/i, • • • , ryn)^) we then have 

m 

^iVi - Vjfsj = ri^Prj < r = ^ + Max {sj). 
Kj Kj ^ 



□ 



A 

1 -"-m 



Lemma 2. Let A he an n x n diagonal matrix of norm 1. Let A2, ■ 

be symmetric matrices such that 

(1) {A„,Ap) = Oifa^P; 

(2) P2II > ••• > ll^mll- 
Then we have 



(7) ^||[A^a]|P<i;iK|P + ||A2|p. 

a=2 a=2 

Proof. Replacing each Aa with its ofF-diagonal component won't change 
the left hand side of the above inequality, but will decrease the right hand 
side of the above. Thus without loss of generality, we assume that each A^ 
has zero diagonal component. Furthermore, we assume that each Aa is not 
zero. 
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Let Aa = i{aa)ij)i where {aa)ij are the entries for a = 2, • • • ,m. Let 

m 

5 = Max ^{aa%. 

Let 

[vi 

A = 

\ Vn 

Then by the previous lemma, we have 

m m 

(8) 5^||[AA„]||2<^||A„||2 + 25. 

a=2 a=2 

Thus it remains to prove that 

(9) 26<\\A2\\^. 

To see this, we identify each Aa with the (column) vector Aa in M2"("+^). 
Let Ha be the norm of the vector. Then we have 

(10) f^l = l\\Aaf 

for a = 2, • • • , m. Extending the set of vectors {Aa/ iJ-a}2<a<m into an 
orthonormal basis of M2"("+i) 

we get an orthogonal matrix. Apparently, each row vector of the matrix is 
a unit vector. Thus we have 

m 

Y.M-\aa)% < 1. 

a=2 

Since /i2 > • • • > /^m, we get 

m ^ 
Y.{aa)%<^4<l;U2 



2" ^' 

a=2 



This proves ([9]). 

□ 

Remark 1. Let vl be a diagonal matrix of unit norm and let i? be a symmetric 
matrix. Let ||-B||oo = Max(|6jj|), where [hij) are the entries of B. By ([8]), 
we get 

\\[A,B]\\'<\\B\\' + 2\\B\\l^. 

Although not used directly in this paper, this is the crucial step of estimate 
that makes the whole proof work. Note that in [5] (or by P(n, 2)), we have 
a much weaker version of the above inequality 
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Proof of Conjecture [2l Let a > be the largest positive real number 
such that 

m 

{Y.\\A^\?? >2a{Y,\\[A.,Ap\\\^). 

a=l a<l3 

Since a is maximum, by the invariance, we can find matrices Ai, - ■ ■ ,Am 
such that 

m 

(11) (5]||AJp)2 = 2a(j;||[^,,^^]||2) 

with the following additional properties: 

(1) Ai is diagonal; 

(2) {A^,Ap) =Oiia^ [3- 

(3) IIAill > IIA2II > ••• > \\Am\\. 

We let = pilp and let A' = Ai/\t\. Then ^ becomes a quadratic 
expression in terms of t^: 



- 2t\a^\\[A',A^]\\' - + \\A^\ 



|2\2 
l^all ) 

Ka l<a a=2 

-2a{ Y \\[Aa,Ap]\\') = 0. 

I<a<l3 

Since the left hand side of the above is non-negative for all t^, we have 
a^||[^',A,]|p-^P„||2>0, 

Ka Ka 

and 

||^i|P = aj;||[A',A,]|p-^||A,||2. 

Ka Ka 

By Lemma El we have 

m m 
Y \\[A',A^]f < J2 Uaf + \\A,f < YUaf, 
Ka a=2 a=l 

which proves that a > 1. 

4. Appendix: on the Bottcher-Wenzel Conjecture 

In the study of random matrices, Bottcher and Wenzel [Ij posed the 
following conjecture: 

Conjecture 3. Let X, Y be two n x n matrices. Then 



□ 
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where the norm is defined as 

n 

iixip=E4- 

Bottcher and Wenzel proved the following special cases of the conjecture: 
if n = 2, or X is of rank 1, or X is normal, then the conjecture is true. 
Furthermore, they proved the following weaker version of the conjecture: 

< 3||x|p||y||2. 

In this Appendix, we prove Conjecture El 

We fix X and assume that \\X\\ = 1. Let V = gl{n,M). Define a linear 
map 

T:V^V, Y ^ [X^,[X,Y]]. 

Then we have 

Lemma 3. T is a semi-positive definite symmetric linear transformation of 
V. 

Proof. This is a straightforward computation 

(yi,[x^,[x,y2]]) = ([x,yi],[x,y2]) = {[x^ Ax.y^My^). 

Obviously T is semi-positive. 

□ 

The conjecture is equivalent to the statement that the maximum eigen- 
value of T is not more than 2. 

We let a be the maximum eigenvalue of T. Then a > 0. Let Y be an 
eigenvector of T with respect to a. Then we have 

T{Y) = oY. 

A straightforward computation gives 

T{[X^,Y^]) = a[X^,Y^l 

where X'^ is the transpose of X. 

We claim that Y and Yi = are linearly independent: first, 

Yi 7^ 0, and second {Y^Yi) = 0. Thus, we have the following conclusion 

Proposition 2. The multiplicity of the eigenvalue a is at least 2. 

□ 

Let 

X = Q1AQ2 

be the singular decomposition of X, where Qi,Q2 sue orthogonal matrices 
and A is a diagonal matrix. Let 

B = Q2YQ^\ C = Q^^YQi. 

Then we have 

\\[X,Y]\f = \\AB-CAf. 
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Let 

'Si 

A ' 



Without loss of generality, we assume that si > • • • > s„. Since \\X\\ = 1, 
we have 

+ • • • + 4 = 1- 

Assume that sf < 1/2. Then we have 

n n 

(12) ||Ai? - CA||2 = ^ (.,6,,. - s,c.,f < + 4)4 < 2. 

ij=l i,j=l 

Thus in this case, the conjecture is trivially true. Now assume that > 
1/2. By Proposition [21 we can find an eigenvector 1" of T such that 1). 
||y|| = 1, and 2). bu = 0. 

The conjecture can be proved if we can prove that 

\\[X,Y]\f<2. 
We first have the following equality (because bu = 0) 

n n 

\\AB - CAf = cl^sj + ^(si&ii - sidif + Yisibij - Sjcijf + Ai, 

1=2 j=2 



where we define 



and 



Apparently we have 



1=2 i=l 



Ai = ^ {sibij - SjC 



because < 1/2. Thus we just need to prove that 

n n n n 

cii^i + '^isAi - sidif + ^(si6h - SjClif < A + ^ + ^ c^j. 

i=2 1=2 i=2 i=2 

We consider the matrix 

/ A -fcl2Cl2 - ^2lC21 • • • -blnCln - 6nlC„l\ 

^ -bl2Cl2 - ^2lC21 621 + C12 

\-&lnCl„ - &„lCnl bl^ + cf„ y 
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The above inequality is equivalent to that the maximum eigenvalue of the 
above matrix is no more than A + Yll=2 ^ii + Y17=2 <^ir '^o ^^^^i 

n n 

y = A + ^6fi + ^4 + £ 

1=2 1=2 

for £ > 0. We have 

detto/ - p) = n(. - - ci) (y-A-± . 

i=2 \ i=2 y / 

Let 

P = max(6fi + c?J. 

Then we have 

y-A-± + '^''f >P + e-p± + > 0. 

The conjecture is proved. 

□ 
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Add in the proof: Recently J. Gc and Z. Tang gave an independent proof of 
the normal scalar curvature conjecture. 
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